I. INTRODUCTION

H
ARMONIC drives have been designed and used in demanding industrial and instrumentation servo systems because of their high velocity reduction in a relatively small package permitting high torque amplification with only small motors. Their other important advantages include almost zero backlash and low weight. Typical applications of harmonic drives include industrial and space robots, medical equipment, valve drives, welding equipment, measuring instruments, and military defense equipment.
In spite of its advanced manufacturing technology and its widespread use in industrial, military, and space applications, the harmonic drive has not received sufficient attention of researchers to study its inherent nonlinear transmission characteristics from the control point of view. Numerous contributions have been made to the intuitive understanding and analytical description of harmonic-drive-based systems. The hysteresis phe- nomenon, which results from the combined effect of the nonlinear flexibility of the flexspline and friction, is an issue which has not been fully investigated thus far. Kinematic error in harmonic drives, the error between expected output position and the actual output position, is another important nonlinear transmission attribute in these drives. The characterization and compensation of kinematic error has been done just recently [8] , [9] , and the mechanism of its occurrence is still a controversial issue [12] , [19] . This confirms the complexity of the physical processes of a harmonic drive and the need for new tools and methodologies to gain a clear understanding of the exact interactions involved.
The accurate modeling of a complete harmonic drive system (including the actuator, harmonic drive, sensors, and load) presents a difficult problem. In most of the literature, the actuators providing the drive torques are modeled as pure torque sources, or as first-order lags. Numerous models have been proposed also to represent either the general system dynamics or some aspects of nonlinear friction and compliance effects. The majority of these models have been either too complicated, with parameters that are difficult to determine, or too simple, assuming a linearized model and neglecting the nonlinear effects. The physical realities of the system have therefore limited the acceptance of these models. There is therefore a need to better understand the kinematic, dynamic, and transmission properties of harmonic drive gears, and their interaction with actuators and external loads.
The three main nonlinear transmission attributes in harmonic drives responsible for motion transmission performance degradation include nonlinear stiffness, friction, and kinematic error. The transmission compliance and the internal dynamic friction mechanisms, resulting in hysteresis curves when torque is plotted against angular displacements, are controversial issues regarding the primary source of energy storage and dissipation in harmonic drives.
Hashimoto et al. [7] studied the deformations of the flexspline using finite-element stress analysis. They show that the flexspline deformation is the dominant source of elasticity. Some other researchers, on the other hand, claim that the gear-tooth engagement zone determines the overall compliance of a harmonic drive as well as its torque capacity [13] . Margulis et al. [16] consider the wave-generator deformation as the essential and dominant factor of compliance. Clearly a reliable analysis of all components of a harmonic drive combined with experimental verification is still missing to resolve this problem and other related phenomena such as hysteresis.
0278-0046/03$17.00 © 2003 IEEE Only few contributions to the intuitive understanding and analytical description of the hysteresis phenomenon have been reported. The transmission compliance is commonly approximated by a nonlinear or piecewise linear stiffness curve while the hysteresis losses are neglected [14] . Other models include nonlinear dynamic friction composed of a constant part and a velocity-dependent part [17] , or a nonlinear stiffness profile with soft windup and hysteresis that is based on Coulomb-type friction [12] . Various models, also including Coulomb friction in the gear-tooth area, have been proposed by Tuttle and Seering [19] . Their most complex model developed involves kinematic error constraints, a nonlinear spring between the flexspline base and the teeth, and the gear-tooth interface with frictional losses. The mechanical model considered by Seyfferth [18] allows for torsional compliance and friction in the tooth engagement area giving rise to hysteresis effects. The transmission compliance is approximated by a cubic function of the displacement while the shape of the hysteresis is estimated as a combination of Coulomb friction and a weighted hyperbolic friction function. The shape of the torque and the model parameters thus obtained, however, depend on the loading cycle and the load history.
All of the above methods have certain limitations, and the required forms are difficult to determine. Therefore, due to the lack of a clear understanding of the exact interaction of the physical processes involved, the approach of modeling based on the intuitive understanding of the physical principles has not provided very accurate models.
The hysteresis phenomenon has been also studied in many other areas of engineering. The most familiar example is the ferromagnetic hysteresis. The magnetic hysteresis model admits descriptions in terms of hysteresis operators [15] , or in terms of differential equations. Bouc [1] used differential equations to model the hysteresis relationship. His model is based on the variation of the multivalued sign function. The problem of describing a material with hysteresis can reduce to that of finding a nonlinear or a piecewise linear function of the input signal and the output signal , so that forms a classical hysteresis loop when is a sinusoid. The work of Hodgdon [11] and Coleman and Hodgdon [4] shows that Bouc's model is useful in applied electromagnetics because the functions and parameters can be fine tuned to match experimental results in a given situation. Chua and Stromsoe [2] and Chua and Bass [3] presented also another general theory of hysteresis, considering constitutive models that take the form of first-order differential equations. The main advantages of their models over existing models is its simplicity and the constructive procedure available for determining the nonlinear functions describing the model. This paper deals first with the mathematical modeling of hysteresis in harmonic drives for the purpose of developing effective controllers for electromechanical actuators with harmonic drives. The proposed study of hysteresis is stimulated by the work of Bouc and Volterra [1] , [21] . Their class of hysteresis models which result in a nonlinear ordinary differential equation, with guaranteed existence and uniqueness of solution, will be investigated for possible application to harmonic drives. In our case, position and speed satisfy a Euler-like differential equation describing the system dynamics. The representation of the hysteresis phenomenon by a differential equation is a useful approach to describe the overall harmonic drive system with ordinary differential equations that are mathematically well posed. The Harmonic Drive Test Apparatus [10] at the Dynamic Systems and Control Laboratory, Rice University, Houston, TX, was used for the experimental validation of the hysteresis modeling effort. This paper is organized as follows. Section II presents the harmonic drive system and the experimental setup. Section III presents an overview of hereditary systems and the proposed model for hysteresis. The dynamic model of the test setup and the properties of the hysteresis model are given in Sections IV and V. The parameter identification procedure is described in Section VI. The simulation and experimental results with the discussion and conclusions are given in Sections VII and VIII.
II. HARMONIC DRIVE SYSTEM AND HYSTERESIS
A harmonic drive is a compact, high-torque, high-ratio, in-line gear mechanism incorporating a rigid circular spline (CS), an elliptical wave generator (WG), and a nonrigid flexible spline or flexspline (FS). The different components are identified in Fig. 1 . The most common configuration for the harmonic drive is the speed reduction/torque magnification arrangement. This mode of operation usually consists of the WG as the input port, the FS as the output port, and the CS fixed to ground and held immobile. In this configuration, the WG rotation corresponds to the motor angle input while the rotation of the FS in the opposite direction corresponds to the load angle output.
The dedicated harmonic drive test setup considered for our analysis is an electromechanical system composed of a servo motor, a harmonic drive (HDC-40 [22] ) assembly module, an inertial load, and a digital control module [10] . It is represented schematically in Fig. 2 and is depicted in Fig. 3 . The digital control module is interfaced with the assembly module to acquire system information using various sensors: a rotary encoder (resolution ) for the motor position, a laser rotary encoder (resolution ) for the load position, and a dc-operated noncontact torque sensor for the output torque.
To determine the torque-displacement relationship of the harmonic drive gear experimentally, first the output of the drive is held immobile. Next, the angular displacement is controlled to vary in a sinusoidal manner, and the resulting transmitted torque across the FS is measured by the torque sensor and is recorded. The angular displacement is defined as (1) where is the gear reduction ratio. The hysteresis curves obtained are illustrated in Fig. 4 . The results show that the angular displacement depends on all the previous torques which have been applied to the harmonic drive. The effect of the displacement amplitude variation is also clearly shown in the different curves.
III. HYSTERESIS MODEL
The proposed model uses differential equations to represent the hysteresis relationship, which is resulting from the combined effect of the nonlinear flexibility of the FS and friction. In our case, position and speed satisfy an ordinary differential equation describing the system dynamics. The representation of the hysteresis phenomenon by a differential equation is a useful approach to describe the overall harmonic drive system with ordinary differential equations that are well posed [5] , [6] .
Our proposed approach uses also the hereditary concept to represent the behavior of the harmonic drive. A phenomenon that depends not only on the actual state of a system but also on all the preceding states through which the system has passed is called a hereditary phenomenon [20] , [21] . Examples are the phenomena of magnetic hysteresis, electric hysteresis, etc. The hysteresis in the harmonic drive is indeed hereditary since angular displacement does depend on the previous deformations undergone by the drive.
The relationship between the torque and the corresponding angular displacement , across the FS, is usually defined by a nonlinear equation
, where is the stiffness curve depending on the characteristics of the FS.
Accurate experiments show, however, that does depend not only on the actual torsional torque but also on all the preceding torques; i.e., the phenomenon is hereditary. Fig. 4 shows the torque-displacement curves measured for sinusoidal displacements of 0.1 , 0.15 , and 0.2 amplitudes.
When we take account of hereditary phenomena, the questions of physics and mechanics lead to integro-differential equations [20] , [21] . If denotes the displacement at time , it follows that in order to find the torsional torque at time we must add to a corrective term, depending on all the values of for prior to , and therefore a functional of . For each possible value of , there are many possible values of depending on the sequence of events that passed through. Thus, is a mapping of the function into another function . The torque-displacement equation is expanded, therefore, to take the more precise form (2) (3) where is the heredity function. If we suppose that the hereditary effects prior to an instant are negligible, where for simplicity we can consider as the origin of the time ( ), then (2) and (3) become (4) By making some simple additional hypothesis we can particularize the nature of the heredity functional. A first natural postulate is to suppose that the influence of the heredity corresponding to states a long time before the given moment gradually fades out.
is then a finite continuous negative increasing function which vanishes for , and may be represented by a sum of exponentials (5) From the analysis of the dynamic hysteresis curves in Fig. 4 , one finds that the total hysteresis torque is dependent also on the values taken by the angular velocity when the time varies in the interval (0, ). In other words, the quantity is a functional of the function in the interval (0, ). The following model will be then considered: (6) (7) where represents the total variation of in the interval ( ). From a mathematical point of view, (6) is identical with (4). In fact, since for , , by an integration of parts in (6) one gets an equation similar to (4) . If the heredity function is represented by a first degree exponential , the dynamic equation will take the form (8) (9) This model is shown to represent very accurately the dynamic behavior of the harmonic drive gear, where the torque across the flexspline is subdivided into a stiffness torque and a friction torque taking account of the whole torque history up to the time .
The following section now explores the properties of the dynamic hysteresis model with additional state as represented in (9).
IV. DYNAMIC MODEL OF THE TEST SETUP
The dynamic model of the test setup with the hysteresis effects can be described by the following differential equations: (10) (11) where and represent the motor and load position, respectively, and are the inertia on motor and load side, and and are the damping factors on motor and load side. represent the hysteresis torque in the drive and . is the friction torque on the motor side and is the load torque on the output. All the nonlinear friction and flexibility effects are represented in the hysteresis function . When the output of the drive is locked ( ) the model of the setup becomes (12) where , , and .
V. PROPERTIES OF THE HYSTERESIS MODEL
A. Local Existence and Uniqueness of Solution
The hysteresis model developed in the previous section can be summarized by (8) and (9) for the locked output case. The dynamic model of the complete harmonic drive system with the hysteresis effect is given by (12) .
It can be shown that the hysteresis functional is semiglobally Lipschitz [1] . This means that the system dynamic (12) has a unique solution as long as the variables and do not increase indefinitely.
B. Velocity Independence
For a periodic motion ( is periodic), the steady-state hysteresis curve is independent of velocity . Although acts as a driving input for the differential equation (9), it is important to observe that the steady state hysteresis curve is independent of the velocity . For instance, if we control input to follow two different periodic waveforms with the same amplitude, then by this property we will get the same hysteresis curves in the steady state.
C. Steady-State Characteristics
The steady-state motion can be defined by assuming in (9) and (12) , , and . Then, (12) reduces to the static relation (13) It follows that the static friction torque depends on the direction of velocity and is therefore equivalent to a Coulomb-type friction.
VI. HYSTERESIS MODEL PARAMETER IDENTIFICATION
Assuming that the applied torque is continuous and periodic of period for , it can be shown that there is at least one periodic function of period , which satisfies (9) for all [1] . If , then the torque- displacement curve converges asymptotically to a symmetrical hysteresis loop. The steady state hysteresis loop is defined by three curves: the stiffness curve , one ascending curve denoted for increasing displacement ( ), and a descending curve denoted for decreasing displacement ( ). These are the periodic solutions of (9) (14) The curves are symmetrical with . To completely characterize the hysteresis phenomenon, taking into account the amplitude variation effect, we will be attempting to model a family of hysteresis loops rather than a single loop. Therefore, our single-loop model will consist of two curves (16) (17) Next, the locus of each of the functions and for each hysteresis loop is fitted to the experimental data. An analytical odd polynomial function is selected for the stiffness curve (18) The stiffness parameters ( ) and the heredity function parameters ( ) are estimated through a nonlinear leastsquare fit (19) (20) where ( ) and ( ) are the measured hysteresis torques corresponding to the loop ( ), , are the model equations errors, and is the number of hysteresis loops.
The optimum parameters in the least square sense are then determined such as to minimize the criterion function (21) where is the number of data points in one hysteresis loop branch (ascending or descending). The estimated parameters ) are next used to find the estimated transmitted torque.
The estimated torque at the output of the harmonic drive is finally expressed by its dynamic model 
VII. HYSTERESIS MODEL VALIDATION
The estimated stiffness function , and friction function , are computed using the identified parameters and the measured angular displacement as given by (16)- (18) . The estimated torque ( ) is next computed and compared to the actual measured torque . Figs. 5 and 6 show the estimated and measured torque-displacement curves for different displacement amplitudes. It can be seen that the hysteresis behavior is mainly due to the friction function which exhibits the hereditary or memory phenomenon. The stiffness curve adds only a nonlinear function term to the torque. This is in agreement with the postulated model given by (3)- (7), where the torque across the FS is subdivided into a stiffness torque and a friction torque taking account of the whole torque history. The calculated curves are shown also to closely coincide with those found experimentally, therefore giving a confirmation of the dynamic hysteresis relationship found for the harmonic drive gear.
To the best of our knowledge, investigation into frequency dependence of harmonic drive hysteresis curves has not been carried out so far. To study the frequency dependence, another set of experiments was carried out with varying frequencies at constant amplitude. The results of this set of experiments are presented in Fig. 7 for frequencies 0.005, 0.05, and 0.5 Hz. As we observe in the figure, all the curves are almost matching each other. This means that the hysteresis behavior in harmonic drives is not very sensitive to the frequencies, at least at low frequencies. Higher frequency experiments could not be carried out on account of torque sensor noise and limitation on the motor input torque. This frequency independence of the curves is a desirable property for ideal mathematical model which represents the harmonic drive hysteresis behavior.
VIII. CONCLUSION
In this paper, a new model based on the mathematical theory of heredity in dynamical systems was presented to explain the complex phenomenon of hysteresis in harmonic drive gears. The torque-displacement relationship across the FS of the harmonic drive gear can be described by an integro-differential equation. The stiffness and the hereditary function characteristics may be then directly determined from the forced vibration experiments.
The proposed new model along with its properties, identification, and validation is shown to represent clearly and accurately the complex nonlinear friction and flexibility effects that lead to hysteresis in harmonic drives. Furthermore, the model is much simpler than the models used previously and represents the hysteresis phenomenon with multiple loops very accurately. Hence, the model will be very useful for control applications with harmonic drives. 
